Abstract. A vibrating string, modelled by t h e w ave equation, with an interior mass is considered. It is viewed as a linear delay system. A trajectory tracking problem is solved using a new type of controllability.
Introduction
The \hybrid system" modelling a vibrating string with an interior point mass is analyzed in a remarkable recent paper by Hansen and Zuazua 6] . Using Hilbert's uniqueness method 7, 8] , on the one hand, and nonharmonic Fourier series 13], on the other hand, they give a detailed description of its exact controllability and stabilization by boundary feedback.
The present study, which is a companion paper of 3], aims to solve a nother natural control problem, namely tracking a trajectory of the mass position. We exploit the well known relation 1] b e t ween the undamped wave equation and linear delay systems.
We freely use 3], where relations to several classical structural properties of delay systems are established. The present case study illustrates in particular the importance of -freeness 3] for tracking control of a delay system, in a similar spirit as the \ atness based control" of nonlinear ( nite dimensional) systems 2]. See also 11] for other examples.
In the next Section the delay system model is derived from the hybrid one. Its -freeness is established in Section 3. As in 6], two cases are distinguished: position control on both boundaries or on either one, in which case the other end is xed. The tracking control in the single control case is treated and illustrated by s i m ulations in Section 4. Related examples may be found in 4, 1 2 ] Applying position controls u(t) a n d v(t) at the ends leads to Dirichlet boundary conditions p(;L 1 t ) = u(t) The general solution of (2.1) in the convolution ring D 0 (R) of distributions is well known to be p(x t) = ( 1 x 1 )(t) + ( ; 1 x 1 )(t) (2.2) q(x t) = ( 2 x 2 )(t) + ( ; 2 x 2 )(t) (2. 
(2.4d) where 0 and 00 denote the derivatives of the Dirac distribution concentrated at 0. Since 1 (t) = 1 (t) + (t) and 1 (t) = 1 (t) ; (t) give r i s e t o t h e same solution for all (t), we c a n c hoose to have We study the structure of the delay s y s t e m u v with two controls rst. The associated variety of zeros V u is the curve i n t h e s 1 and 1 and 1 are given in terms of z through (3.3a), (3.3b), and (4.1). These formulae allow to compute the explicit solution of (2.1) and the control law u d (t) yielding a desired trajectory z d (t) of the mass position, as the one shown in Figure 2 . The corresponding control function u d (t) is depicted in Figure 3 and the displacements along the string are shown on Figure 4 they correspond to 1 = 1 , 2 = p 2, 1 = 1 , 2 = p 2, a n d L 1 = 1 , L 2 = 2 . 
